Abstract. A microscopic approach is developed to determine the excitation energetics of highly correlated quasi-particles in optically excited semiconductors based entirely on a pair-correlation function input. For this purpose, the Wannier equation is generalized to compute the energy per excited electron-hole pair of a many-body state probed by a weak pair excitation. The scheme is verified for the degenerate Fermi gas and incoherent excitons. In a certain range of experimentally accessible parameters, a new stable quasi-particle state is predicted which consists of four to six electronhole pairs forming a liquid droplet of fixed radius. The energetics and pair-correlation features of these "quantum droplets" are analyzed.
Introduction
Interactions may bind matter excitations into new stable entities, quasi-particles, that typically have very different properties than the noninteracting constituents. In semiconductors, electrons in the conduction band and vacancies, i.e. holes, in the valence band attract each other via the Coulomb interaction [1] . Therefore, the Coulomb attraction may bind different numbers of electron-hole pairs into a multitude of quasiparticle configurations. The simplest example is an exciton [2, 3] which consists of a Coulomb-bound electron-hole pair and exhibits many analogies to the hydrogen atom [1] . Two excitons can bind to a molecular state known as the biexciton [4, 5] . Both, exciton and biexciton resonances can be routinely accessed in present-day experiments by exciting a high quality direct-gap semiconductor optically from its ground state. Even the exciton formation can directly be observed in both optical [6] and terahertz (THz) [7] spectroscopy and their abundance can be controlled via the intensity of the optical excitation [8] . Also higher correlated quasi-particles can emerge in semiconductors. For instance, polyexcitons or macroscopic electron-hole droplets have been detected [9] [10] [11] [12] , especially in semiconductors with an indirect gap.
To determine the energetics of a given quasi-particle configuration, one can apply density-functional theory based on the functional dependence of the total energy on the electron density [13, 14] . This procedure is well established in particular for ground-state properties. However, whenever one wants to model experimental signatures of excited quasi-particle states in the excitation spectra, the applicability of density-functional theory becomes challenging, especially for highly correlated states.
In this paper, we develop a new scheme to determine the excitation energetics of highly correlated quasi-particle configurations. We start directly from the paircorrelation function, not from the density functional, and formulate a framework to compute the pair-excitation energetics. The electron-hole pair-correlation function g(r) defines the conditional probability of finding an electron at the position r when the hole is at the origin. As an example, we show in figure 1 examples of g(r) for excitons (left) and quantum droplets (right). Here, we refer to quantum droplets as a quasiparticle state where few electron-hole pairs, typically four to six, are in a liquid-like state bounded within a sphere of microscopic radius R.
In general, g(r) always contains a constant electron-hole plasma contribution (gray shaded area) stemming from the mean-field aspects of the many-body states. The actual bound quasi-particles are described by the correlated part ∆g(r) (blue shaded area) which decays for increasing electron-hole separation. For 1s excitons, ∆g(r) ∝ |φ 1s (r)| 2 decreases monotonically and has the shape defined by the 1s-exciton wave function φ 1s (r) [15] . Since the electrons and holes in a quantum droplet are in a liquid phase, ∆g(r) must have the usual liquid structure where particles form a multiring-like pattern where the separation between the rings is defined by the average particle distance [16] [17] [18] . Due to the electron-hole attraction, one also observes a central peak, unlike for single-component liquids. We derive the pair-excitation energetics for an arbitrary initial many-body state in section 2. In this connection, we first study the pair excitations of the semiconductor ground state before we extend the approach for an arbitrary initial many-body state. We then test our approach for the well-known cases of a degenerate Fermi gas and incoherent excitons in section 3. In section 4, we apply our scheme to study the energetics and structure of quantum droplets based on electron-hole correlations in a GaAs-type quantum well (QW). The effect of carrier-carrier correlations on the quantum droplet energetics is analyzed in section 5.
Energy and correlations in many-body systems
For resonant excitations, the excitation properties of many direct-gap semiconductor QW systems can be modeled using a two-band Hamiltonian [1, 19] 
where the Fermionic operators a † v(c),k and a v(c),k create and annihilate an electron with crystal momentumh k in the valence (conduction) band, respectively. We consider excitations close to the Γ point such that the kinetic energies can be treated as parabolic
with the bandgap energy E g and the effective masses for the electron m e and hole m h . The Coulomb interaction is characterized by the matrix element V q of the quantum confined system [1] . We have formally set V q=0 = 0 to eliminate the q = 0 contribution from the Coulomb sum, which enforces the overall charge neutrality in the system [1] .
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Pair excitation Figure 2 . Schematic representation of a pair excitation. The quasi-particle configuration is shown before (left) and after (right) the pair excitation. Electron (holes) are symbolized by blue (red) circles while a yellow ellipse surrounds the correlated pairs. The level of filling indicates the fraction of electrons and holes bound as correlated pairs.
For later use, we introduce Fermion field operators without the lattice-periodic functionsΨ
for electrons and holes, respectively. These can be directly used to follow e.g. electron (hole) densities ρ e(h) (r) ≡ Ψ † e(h) (r)Ψ e(h) (r) on macroscopic length scales because the unit-cell dependency is already averaged over. The corresponding normalization area is given by S.
Ground-state pair excitations
A schematic representation of a pair excitation is shown in figure 2 to illustrate the detectable energetics. The individual electrons and holes are symbolized by circles while the yellow ellipse surrounds the correlated pairs. The level of blue (red) filling indicates the fraction of electrons (holes) bound as correlated pairs within the entire many-body system. This fraction can be changed continuously by applying, e.g. an optical field to generate pair excitations. If all pairs are bound to a single quasi-particle type, the initial energy of the system is
where N is the total number of pairs. Since N is typically much larger than the number of pairs within a quasi-particle, it is meaningful to introduce E(N) as the binding energy per excited electron-hole pair. For stable quasi-particle configurations, a change in N does not alter E(N), yielding the stability condition ∂E(N ) ∂N = 0. We now assume that only a small number of pairs, δN, is excited from the quasiparticle into an unbound pair. An example of the excited configuration is presented in the right panel of figure 2 . This state has the energy
where E pair is the energy of the unbound pair. After we apply the stability condition ∂E(N ) ∂N = 0, we find that the pair excitation produces an energy change ∆E ≡ E fin −E ini = δN(E pair − E(N)) + O(δN 2 ) such that the energy per excited particle becomes
This difference defines how much energy the electron-hole pair gains by forming the quasi-particle from unbound pairs.
To develop a systematic method describing the quasi-particle energetics, we start from the simplest situation where the unexcited semiconductor is probed optically, i.e. by inducing a weak pair excitation. The corresponding initial state is then the semiconductor's ground state |G where all valence bands are fully occupied while all conduction bands are empty. Following the analysis in reference [15] , we introduce the coherent displacement-operator functional [1, 15] 
to generate pair excitations. Here, ε is an infinitesimal constant and ψ k is a function to be determined later using a variational approach. The probed ground state has a density matrixρ G that determines the pair-excitation state viâ
We see from the definition (7) thatD[ψ] generates pair excitations to the semiconductor ground stateρ G becauseŜ[ψ] contains all elementary, direct, pair-excitation processes
where an electron is moved from the valence (conduction) to the conduction (valence) band. The weak excitation of the probe is realized by making ε infinitesimal, i.e. ε ≪ 1.
As shown in reference [15] , the pair excitation (7) generates the electron-hole distribution and polarization
respectively. Here, ψ k = |ψ k |e iφ k has been defined in terms of a real-valued amplitude |ψ k | and phase φ k . For the weak-excitation limit ε ≪ 1, equation (9) reduces to
to the leading order. Also the exact energy of stateρ[ψ] has already been computed in reference [15] with the result
where we removed the ground-state energy E GS and introduced the reduced mass µ.
Ordinary Wannier equation
The lowest pair-excitation energy can be found by minimizing E pro [ψ] with the constraint that the number of excited electron-hole pairs
remains constant. This can be accounted for by the standard procedure of introducing a Lagrange multiplier E λ to the functional
By demanding δF [ψ] = 0 under any infinitesimal change ψ k → ψ k +δψ k , this extremum condition produces the Wannier equation [15] 
Fourier transform of equation (14) produces the real-space form
where V (r) and ψ(r) are the Fourier transformations of V k and ψ k , respectively. Since equations (14) and (15) are the usual Wannier equations for excitons, the exciton wave function defines those pair excitations that produce minimal energy E λ . At the same time, equation (15) is fully analogous to the Schrödinger equation of atomic hydrogen [1] . Therefore, E λ also defines the Coulombic binding energy of excitons. For the identification of the quasi-particle energy, we use the result (6) and compute the energy per excited electron-hole pair
By inserting the solution (14) into equations (11) and (12), we findĒ pro = E λ showing that the energetics of the pair-excitations from the ground state are defined by the exciton resonances. As a result, the energy per probe-generated electron-hole pair produces a series of exciton resonances that can be detected, e.g. in the absorption spectrum. We will show next that this variational approach can be generalized to determine the quasi-particle energetics for any desired many-body state.
Average carrier-excitation energy
Here, we start from a generic many-body system defined by the density matrixρ MB instead of the semiconductor ground stateρ G . We assume thatρ MB contains spatially homogeneous excitations with equal numbers of electrons and holes, i.e.
where the electron (hole) distribution f
is defined within the electron-hole picture [1] . In general, each electron-hole pair excitation increases the energy by E g because an electron is excited from the valence to the conduction band. To directly monitor the energetics ofρ MB , we remove the trivial E g N eh contribution, yielding the average carrier energy
which is an exact result for homogeneous excitation conditions. Using the cluster expansion [15] , we identified the incoherent two-particle correlations
which represent the truly correlated parts of the respective two-particle expectation value. The first two correlations correspond to hole-hole and electron-electron correlations, respectively. Electron-hole correlations are described by c q,k ′ ,k eh whereh q defines the center-of-mass momentum of the correlated electron-hole pairs.
The only coherent quantity in equation (18) is the microscopic polarization
Consequently, the average carrier energy E MB of anyρ MB is determined entirely by the single-particle expectation values f λ k and P k and the incoherent two-particle correlations c q,k ′ ,k . In other words, the system energy is directly influenced by contributions up to second-order correlations. We will show in section 2.4 that this fundamental property allows us to determine the pair-excitation energetics of a given state when we know its singlets and doublets. In other words, we do not need to identify the properties of the higher order clusters to compute the pair-excitation energetics.
Since we are interested in long-living quasi-particles in the incoherent regime, we consider only those statesρ MB which have vanishing coherences [1] . Therefore, we set P k and all coherent correlations to zero from now on. Furthermore, we assume conditions where the electron-hole correlations c q,k ′ ,k eh have a vanishing center-of-mass momentum h q = 0, i.e. we assume that the correlated pairs are at rest. As a result, the electronhole correlations can be expressed in terms of
For homogeneous and incoherent excitation conditions, the pair-correlation function can be written as
compare equation (3) [15] . The term ρ e ρ h describes an uncorrelated electron-hole plasma contribution, whereas the quasi-particle clusters determine the correlated part
To describe e.g. excitons and similar quasi-particles, we use an ansatz
where g 0 defines the strength of the correlation while the specific properties of the quasiparticles determine the normalized wavefunction φ(r). In order to compute the quasiparticle energetics, we need to express ∆g(r) in terms of the electron-hole correlation g k,k ′ . By writing φ(r) = 1 S k φ k e ik·r , we find the unique connection
where φ(k) is the Fourier transformation of the wave function φ(r).
As shown in Appendix A, the electron and hole distributions f 
As a consequence, we have to connect f We show in section 5 that the effect of electron-electron and hole-hole correlations can be neglected when the energetics of new quasi-particle states is analyzed. Therefore, we set c 
From this result, we see that the electron and hole distributions become identical as long as correlations are dominated by g k,k ′ . A more general case with carrier-carrier correlations is studied in section 5. In the actual quasi-particle calculations, we solve equation (27) 
that limits g k,k to be below 1 4 . In other words, the maximum of g 0 |φ(k)| is 1 2 , based on the connection (25) . The " + " branch in equation (28) describes an inverted many-body systemρ MB corresponding to large electron-hole densities. Below inversion, only the " − " branch contributes.
Once the self-consistent pair (f k , g k,k ′ ) is found, we determine the corresponding electron-hole density via
that becomes a functional of the electron-hole pair-correlation function due to its g k,k ′ dependence via equation (28) . In sections 3 and 4, we will use equation (27) to selfconsistently determine f k and g k,k ′ for different quasi-particle configurations.
Pair-excitation energetics
To generalize the Wannier equation (14), we next analyze the pair-excitation energetics of an arbitrary homogeneous initial stateρ MB . As shown in section 2.1, the simplest class of pair excitations can be generated by using the coherent displacement-operator functional (7). The pair-excitation state is then given bŷ
which is properly normalized Tr
, as any density matrix should be.
As shown in Appendix B, the pair excitation generates the polarization and electron-hole distribution
respectively, where we have applied the weak excitation limit ε ≪ 1. For the sake of completeness, we keep the explicit dependencies f
λ,λ;λ,λ and take the limit of dominant electron-hole correlation after the central results for the pair excitations have been derived. In analogy to equation (11), pair excitations add the average carrier energy
The actual derivation is performed in Appendix B, yielding again an exact relation for incoherent quasi-particles:
where we identified the renormalized kinetic electron-hole pair energy
The unscreened Coulomb interaction V k−k ′ is modified through the presence of electronhole densities and correlations via
Since the phase-space filling factor (1 − f e k − f h k ) becomes negative once inversion is reached, the excitation level changes the nature of the effective electron-hole Coulomb interaction from attractive to repulsive. At the same time, g k,k ′ can either enhance or decrease the Coulomb interaction depending on the nature of the pair correlation. The exact generalization of equation (32) for coherent quasi-particles is presented in Appendix C.
Generalized Wannier equation
As in section 2.2, we minimize the functional E pro [ψ] with the constraint that the excitation ε 2 k |ψ k | 2 remains constant. Following the same variational steps as those producing equation (14), we obtain the generalized Wannier equation for incoherent quasi-particles:
For vanishing electron-hole densities and correlations, equation (35) reduces to the ordinary exciton Wannier equation (14). Since the presence of two-particle correlations and densities modifies the effective Coulomb interaction, it is possible that new quasiparticles emerge. The generalized Wannier equation with all coherent and incoherent contributions is presented in Appendix C. For the identification of the quasi-particle energy, we compute the energy per excited electron-hole pair (16) . The number of excited electron-hole pairs of the probed manybody system is
according to equation (31) . By inserting equation (35) into equation (32) and using the definitions (16) and (36), the energy per excited electron-hole pairs follows from
that defines the quasi-particle energy, based on the discussion in section 2.1
Pair-excitation spectrum of the degenerate Fermi gas and of incoherent excitons
For all our numerical evaluations, we use the parameters of a typical 10 nm GaAs-QW system. Here, the reduced mass is µ = 0.0581 m 0 where m 0 is the free-electron mass and the 1s-exciton binding energy is E B = 9.5 meV. This is obtained by using the dielectric constant ε r = 13.74 of GaAs in the Coulomb interaction.
To compute the quasi-particle energetics for a given electron-hole density ρ eh , we always start from the conservation law (27) to generate a self-consistent many-body stateρ MB . We then use the found self-consistent pair (f k , g k,k ′ ) as an input to the generalized Wannier equation (35) and numerically solve the pair excitation ψ k and E λ . As shown in section 5, the effect of electron-electron and hole-hole correlations on the quasi-particle energetics is negligible such that we set c q,k ′ ,k c,c;c,c and c
The variational computations rigorously determine only the lowest energy E 0 . However, it is useful to analyze also the characteristics of the excited states E λ to gain additional information about the energetics of the pair excitation acting uponρ MB . To deduce the quasi-particle energetics, we normalize the energy E λ via equation (37). The resulting energy per excited electron-hole pairĒ pro defines then the detectable energy resonances. 
Degenerate Fermi gas
The simplest form ofρ MB for an excited state is provided by the degenerate Fermi gas [20] [21] [22] [23] 
because the two-particle correlations vanish. It is straight forward to show that the pair (f k , g k,k ′ ) satisfies the conservation law (27) even though the system is inverted for all k below the Fermi wave vector k F = √ 4πρ eh . Due to this inversion, the degenerate Fermi gas provides a simple model to study quasi-particle excitations under optical gain conditions. Figure 3 (a) presents the electron-hole distribution f k as function of k for the electron-hole density ρ eh = 2.5 × 10 10 cm −2 . The distribution has a Fermi edge at k F = 0.56 × 10 8 m −1 while g k,k is zero for all k values (not shown). The numerically computed ground-state wave function ψ k is plotted in figure 3(b) as solid line. We have applied the normalization k |ψ k | 2 = 1. As a comparison, we also show the corresponding zero-density result (f k = 0, g k,k ′ = 0) as shaded area. While the zerodensity wave function decays monotonically from the value 1.47, the degenerate Fermi gas has a ψ k that is negative-valued up to the Fermi edge k F . Exactly at k = k F , ψ k abruptly jumps from the value -0.74 to 1.89. Above roughly k = 1.3 × 10 8 m −1 , both wave functions show a similar decay. The energetics of the related pair excitations is discussed later in section 3.3.
Incoherent excitons
According to the ansatz (25) , the exciton state is determined by the electron-hole paircorrelation function
with the 1s-exciton wavefunction φ 1s,k defining the initial many-body stateρ MB , not the pair-excitation state. Here, we have included the strength of the electron-hole correlation g 0 into the 1s-exciton wavefunction to simplify the notation. To compute φ 1s,k , we have to solve the ordinary density-dependent Wannier equation [1, 15] 
with the constraint imposed by the conservation law (27) . In practice, we solve equations (27) and (40) iteratively. Since the specific choice E 1s defines the electron- hole density (29) uniquely, we can directly identify the self-consistent pair (f k , g k,k ′ ) as function of ρ eh . The explicit steps of the iteration cycle are presented in Appendix D. Figure 4 (a) shows the resulting normalized electron-hole pair-correlation function ∆ḡ(r) ≡ ∆g(r)/ρ 2 eh for an electron-hole density of ρ eh = 2.5 × 10 10 cm −2 . For the incoherent excitons, ∆ḡ(r) is a monotonically decaying function. The corresponding iteratively solved f k (black line) and g k,k (red line) are plotted in figure 4(b) . The pair correlation g k,k decays monotonically from the value 0.21. Also the electron-hole distribution f k function decreases monotonically, peaking at 0.30. This implies that the phase-space filling already reduces the strength of the effective Coulomb potential (34) for small momentum states which typically dominate the majority of ground-state configurations.
The corresponding normalized ground-state wavefunction ψ k of the pair excitation is shown in figure 4(c) (solid line) together with the zero-density result (shaded area). Both functions show a similar decay for k values larger than 2 × 10 8 m −1 . In contrast to the zero-density result, we observe that ψ k has a peak at k = 0.59 × 10 8 m −1 . Interestingly, the maximum of ψ k is close to k F of the degenerate Fermi gas analyzed in figure 3 because both cases have the same density giving rise to sufficiently strong phase-space filling effects.
Energetics of pair excitations
We next analyze the influence of the electron-hole density ρ eh on the pair-excitation energetics for the degenerate Fermi gas and for incoherent excitons. The result for the degenerate Fermi gas is presented in figure 5(a) where the ground-state energy E 0 (solid line), the continuum (shaded area), and the ground-state energy per excited electron-hole pairĒ pro (dashed line) are plotted as function of ρ eh . We see that the energy difference between E 0 and the ionized states is considerably reduced from 9.5 meV to 6.1 meV as the density is increased from zero to ρ eh = 3.6 × 10 10 cm −2 . This decrease is already an indication that non of the excited states remain bound for elevated densities. At the same time, the ground-state energy shows only a slight red shift while the continuum is strongly red shifted such that the first excited state becomes ionized for electron-hole densities above ρ eh = 2 × 10 9 cm −2 . The detectable pair-excitation energy is defined byĒ pro , according to equation (37). As a general trend,Ē pro is slightly smaller than E 0 . We also observe thatĒ pro remains relatively stable as the density is increased. This implies that the semiconductor absorption and gain peaks appear at roughly the same position independent of electron-hole density. This conclusion is consistent with fully microscopic absorption [8] and gain calculations [24, 25] and measurements [26, 27] .
The pair-excitation energetics of the exciton state (39)- (40) is presented in figure 5 (b) for the initial exciton state analyzed in figure 4 . The black line compares the ground state E 0 with the first excited state E 1 (red line) while the shaded area indicates the ionized solutions. In contrast to the degenerate Fermi gas, the ground-state energy blue shifts. This blue shift remains present inĒ pro (dashed line) and is consistent with the blue shift of the excitonic absorption when excitons are present in the system, as detected in several measurements [6, 8, 28, 29] . In particular, E 0 blue shifts faster than the continuum does. If we interpret the energy difference of E 0 and continuum as the exciton-binding energy, we find that the exciton-binding energy decreases from 9.5 meV to 8.0 meV as the density is increased to ρ eh = 3.6×10 10 cm −2 , which shows that excitons remain bound even at elevated densities. For later reference, the density 2.5 × 10 10 cm −2 producesĒ pro = −7.1 meV energy per excited electron-hole pair.
Pair-excitation spectrum of quantum droplets
To define a quantum droplet state, we assume that the electron-hole pairs form a liquid confined within a small droplet with a radius R as discussed in connection with figure 1. Since the QW is two dimensional, the droplet is confined inside a circular disc with radius R. We assume that the droplet has a hard shell created by the Fermi pressure of the plasma acting upon the droplet. As a result, the solutions correspond to standing waves. Therefore, we define the quantum droplet state via the standing-wave ansatz
to be used in equation (24) . Here, x n is the n-th zero of the Bessel function J 0 (x). The Heaviside θ(x) function confines the droplet inside a circular disk with radius R. The additional decay constant κ is used for adjusting the electron-hole density (29) when the quantum droplet has radius R and n rings. For a given quantum droplet radius R, ring number n, and electron-hole density ρ eh , we fix the peak amplitude of g k,k to g max = max[g k,k ] which defines the strength of the electron-hole correlations. This settles g 0 for any given (R, n, ρ eh ) combination. Based on the discussion following equation (28) , the largest possible peak amplitude of g k,k is 1 4 which yields vanishing (1 − 2f k ) at the corresponding momentum. Once g 0 produces a fixed g max , we only need to find which κ value produces the correct density for a given (R, n) combination. In other words, κ alters ρ eh because it changes the width of g 0 φ k whose peak amplitude is already fixed. Since we want to solveĒ pro for a given (R, n, ρ eh ) combination, we solve the specific κ value iteratively. In more detail, we construct f k by using g 0 φ k as input to equation (28) for a fixed (R, n) as function of κ. We then find iteratively which κ satisfies the density condition (29) . Figure 6 (a) presents the normalized electron-hole pair-correlation function ∆ḡ(r) for an electron-hole correlation strength of g max = 0.24 (shaded area) and g max = 1 4 (dashed line). The quantum droplet has n = 4 rings and a radius of R = 90.8 nm indicated by a vertical line. We assume that the electron-hole density is ρ eh = 2.5 × 10 10 cm −2 such that the iteration yields κ = 2.2 × 10 7 m −1 (κ = 3.4 × 10 6 m −1 ) for g max = 0.24 (g max = 1 4 ), which settles the consistent quantum droplet configuration. We observe that ∆ḡ(r) has four rings including the half oscillation close to the origin which appears due to the Coulomb attraction between electrons and holes. Additionally, the electron-hole pair-correlation function is only nonzero up to the hard shell at r = R, according to equation (41) . By comparing the results of g max = 0.24 and g max = 1 4 , we note that the oscillation amplitude decreases slower as function of r with increasing g max because the decay parameter κ is smaller for elevated g max .
The corresponding self-consistently computed electron-hole distribution f k and correlation g k,k are plotted in figure 6 ). We see that the peak of f k sharpens as g max is increased. Interestingly, f k and g k,k show small oscillations indicated by vertical lines whose amplitude becomes larger with increasing electron-hole correlation strength.
As we compare the f k of the quantum droplets with that of the excitons ( figure 4(b) ), we note that quantum droplets exhibit a significant reduction of the Pauli blocking, i.e. (1 − 2f k ), at small momenta. As a result, quantum droplets produce a stronger electron-hole attraction than excitons for low k, which makes the formation of these quasi-particle states possible once the carrier density becomes large enough. Figure 6 (c) presents the corresponding normalized ground-state wavefunctions ψ k . The wavefunction ψ k is qualitatively different from the state obtained for both, the degenerate Fermi gas and excitons, presented in figures 3(b) and 4(c), respectively. In particular, the quantum droplet produces a ψ k that has small oscillations for small k (vertical lines) which are synchronized with the oscillations of f k . Additionally, f k shows a strong dip close to the inversion k = 1.3 × 10 8 m −1 . The dip becomes more pronounced as g max is increased.
As discussed above, the largest possible peak amplitude of g k,k is 1 4 . By approaching g max = 1 4 , the energy per excited electron-hole pairĒ pro decreases slightly from E pro = −10.12 meV toĒ pro = −10.14 meV as g max is changed from 0.24 to 1 4 . In general, for a fixed quantum-droplet radius R, ring number n, and electron-hole density ρ eh , we find thatĒ pro is minimized when the amplitude of g k,k is maximized. Consequently, we use g max = 1 4 in our calculations to study the energetics of quantum droplets. For this particular case, the quantum droplet's ground state is 3.0 meV below the exciton energy, based on the analysis in section 3.2. Therefore, the quantum droplets are quasi-particles where electron-hole pairs are stronger bound than in excitons, as concluded above.
Density dependence
The quantum droplet ansatz (41) is based on a postulated radius R for the correlation bubble. Even though we find the self-consistent configuration (f k , g k,k ) for each R, we still need to determine the stable quantum droplet configurations. As the main condition, the quantum droplet's pair-excitation energy must be lower than that of the excitons and the biexcitons.
In the formation scheme of macroscopic electron-hole droplets, these droplets emerge only after a critical density is exceeded [11] . In addition, stable droplets grow in size as the overall particle density is increased. Therefore, it is reasonable to assume that also quantum droplets share these properties. We use the simplest form where the area of the quantum droplet scales linearly with density. This condition connects the radius and density via
where R 0 is the radius at reference density ρ 0 . To determine the effect of the droplet's ρ eh -dependent size, we also compute the quantum droplet properties for a fixed R = R 0 .
In the actual calculations, we use R 0 = 90.8 nm and ρ 0 = 2.5 × 10 10 cm −2 . In both cases, we find the fully consistent pair (f k , g k,k ′ ) as described in section 4 and compute the pair-excitation energy for different ρ eh . Figure 7(a) shows the groundstate energy E 0 (solid black line), the first excited state E 1 (solid red line), the continuum (shaded area), and the energy per excited electron-hole pair (black dashed line) as function of ρ eh when a constant-R quantum droplet has n = 4 rings. The corresponding result for the density-dependent R, defined by equation (42), is shown in figure 7(b) . In both frames, the position of the density-dependent exciton (dashed blue line) and biexciton energy (dotted red line) are indicated, based on the calculation shown in figure 5 and the experimentally deduced biexciton binding energy 2.2 meV in reference [29] .
For both R models, the quantum droplet's pair-excitation energyĒ pro (black dashed line) is significantly lower than both the exciton and the biexciton energy, which makes the (n = 4)-ring quantum droplet energetically stable for densities exceeding ρ eh = 2.5 × 10 10 cm −2 . We also see that all excited states of the quantum droplets have a higher energy than the exciton. Therefore, only the quantum droplet's ground state is energetically stable enough to exist permanently. However, the quantum droplet state with n = 4 rings does not exist for an electron-hole density below ρ eh = 2.47×10 10 cm −2
(vertical line) because this case corresponds to the smallest possible κ = 0. In other words, one cannot lower κ to make f k narrower in order to produce ρ eh smaller than 2.47 × 10 10 cm −2 . More generally, one can compute the threshold ρ eh of a quantum droplet with n rings by setting κ to zero in equation (41) and by generating the corresponding φ k , g k,k , and f k via equation (27) . Since φ k and f k peak at k that is proportional to x n , it is clear that ρ eh ∝ ∞ 0 dk kf k increases monotonically as function of n. Therefore, one finds quantum droplets with a higher ring number only at elevated densities.
Ground-state energy
To determine the quantum droplet's binding energy, we define
whereĒ pro (1s) andĒ pro (droplet) are the ground-state energies of the exciton and the quantum droplet, respectively. Figure 8 presents E bind for all possible ring numbers for both constant R (dashed line) and ρ eh -dependent R (solid line), as function of ρ eh . Here, we follow the lowest E bind among all n-ring states as the ground state of the quantum droplet. As explained in section 4.1, each n-ring state appears as an individual threshold density is crossed. The horizontal line indicates the binding energy of the biexciton. We see that both droplet-radius configurations produce discrete energy bands. As the electron-hole density is increased, new energy levels appear as sharp transitions. Each transition increases the ring number n by one such that the ring number directly defines the quantum number for the discrete energy levels. We see that only quantum droplets with more or equal than four rings have a larger binding than biexcitons do, making 1-, 2-, and 3-ring quantum droplets instable. The constant R and the density-dependent R produce a qualitatively similar energy structure. As main differences, the constant R produces ring-to-ring transitions at higher densities and the energy bands spread to a wider energy range. For example, the energy range of the n = 4 energy band is [3.0,3.8] meV for constant R while it is [3.0,3.2] meV for the density-dependent R. In general, the actual stable droplet configuration has to be determined by experiments. Since the density-dependent droplet radius is consistent with the properties of macroscopic electron-hole droplets, we use equation (42) to study the properties of quantum droplets. Figure 9 (a) shows again the ground-state energy of the quantum droplet as function of electron-hole density ρ eh for the density-dependent R. The dashed lines continue the energy levels after the next higher quantum droplet state becomes the ground state. The biexciton-binding energy is indicated by a horizontal line. We see that the binding energy of the unstable (n = 3)-liquid state remains smaller than the biexciton-binding energy even at elevated ρ eh making it instable at all densities. In contrast to that, E bind of the (n = 4)-and (n = 5)-liquid state is stronger than the biexciton value while it remains relatively stable as the electron-hole density is increased.
Ring structure of quantum droplets
We also can analyze the number of correlated electron-hole pairs within the j-th ring of the quantum droplet. Since S drop d 2 r ∆g(r) = S drop 2π dr r∆g(r) defines the total number of correlated pairs [15] ,
is the number of correlated pairs within the j-th ring when S drop = πR 2 is the area of the quantum droplet. Figure 9(b) shows ∆N j as function of ρ eh from the first up to the fifth ring. We see that the number of electron-hole pairs within the innermost rings becomes larger, while it decreases within the outermost rings, as ρ eh is made larger. Interestingly, each ring has roughly the same number of electron-hole pairs after the n-ring droplet has become the ground state via a sharp transition, compare with figure 9(a). More precisely, ∆N j is close to one such that the n-th quantum droplet state has about n electron-hole pairs after the transition. Consequently, the n-ring quantum droplet has roughly n electron-hole pairs. Therefore, already the first stable quantum droplet with n = 4 rings has four correlated electrons and holes showing that it is a highly correlated quasi-particle. As derived in Appendix E, one can solve analytically that for ring numbers up to n = 3 the n-th quantum droplet state has very close n correlated electron-hole pairs while the ratio ∆N/n converges towards 1.2 for a very large ring number. figure 9(a) . Before the transition, the oscillation amplitude of r∆ḡ(r) decreases as function of r while after the transition the oscillation amplitude stays almost constant indicating that the decay parameter κ is close to zero, just after the transition. This is consistent with our earlier observation that a n-ring quantum droplet emerges only above a threshold density matching the density of the κ = 0 state.
Influence of electron-electron and hole-hole correlations
So far, we have analyzed the properties of quantum droplets without electron-electron and hole-hole correlations based on the assumption that electron-hole correlations dominate the energetics. We will next show that this scenario is plausible also in dense interacting electron-hole systems. We start by reorganizing the carrier-carrier correlations c q,k ′ ,k λ,λ;λ,λ , defined in equation (19) 
In this form, we see that two annihilation (or creation) operators assign a correlated carrier pair that has a center-of-mass momentum of 2h K. Like for electron-hole correlations, we concentrate on the case where the center-of-mass momentum of the correlated pairs vanishes
, and
Since the transformations p → −p and p ′ → −p ′ correspond to exchanging creation and annihilation operators in c λ,λ;λ,λ , respectively, the F λ p,p ′ function must change its sign with these transformations due to the Fermionic antisymmetry. In other words,
when the sign of the momentum is changed. Like for electron-hole correlations, carrier-carrier effects can be described through the corresponding pair-correlation function
where we have applied homogeneous conditions, used the definition (3), and introduced f λ (r) as the Fourier transformation of f λ k . The first term describes again a plasma contribution analogously to the first part in the electron-hole pair-correlation function (22) . The correlated contribution is defined by
where we have applied the condition (45). We note that ∆g λ (r) vanishes at r = 0 due to the Pauli-exclusion principle among Fermions, enforced by equation (46). Due to the conservation law (26) , the electron and hole distributions f (26) and (45) imply identical distributions that satisfy
We see that also carrier-carrier correlations modify f k via a diagonal F k,k , just like g k,k . In the same way, the generalized Wannier equation (35) is modified through the presence of carrier-carrier correlations in the form of equation (46). By inserting equations (45) and (50) into equation (35), the original E k and V eff k,k ′ can simply be replaced by
to fully account for the carrier-carrier contributions.
As a general property, the repulsive Coulomb interaction tends to extend the r-range where the presence of multiple carriers is Pauli blocked. In other words, carrier-carrier correlations build up to form a correlation hole to g λ (r). To describe this principle effect, we use an ansatz
that satisfies the antisymmetry relations (46). The strength of the correlation is determined by F 0 and l c corresponds to a correlation length. As equation (53) is inserted to equation (49), a straight forward integration yields
which is rotational symmetric and vanishes at r = 0, as it should for homogeneous Fermions.
To compute the quasi-particle energetics with carrier-carrier correlations, we use the same quantum droplet state (41) as computed for vanishing carrier-carrier correlations in section 4, i.e. we keep the quantum droplet radius R, ring number n, and decay parameter κ unchanged. For a given combination (F 0 , l c ), we then adjust the strength of the electron-hole correlations g 0 such that
, according to equation (50). In analogy to section 4, this yields a vanishing (1 − 2f k ) at one momentum state. Since F k,k is positive, the presence of carrier-carrier correlations must be compensated by reducing the magnitude of the electron-hole correlations g k,k . Additionally, equation (50) due to the normalization procedure described above. We see that the presence of carriercarrier correlations reduces the amplitude of the ring-state oscillations in ∆ḡ(r) only slightly. This suggests that carrier-carrier correlations play a minor role in the build up of electron-hole correlations in quantum droplets. The corresponding normalized carrier-carrier pair-correlation functionḡ λ (r) ≡ g λ (r)/ρ 2 eh is presented in figure 10 (b) without (F 0 = 0, black line) and with (F 0 = 0.3, red line) carrier-carrier correlations. Additionally, the pure correlated contribution −∆ḡ λ (r) ≡ −∆g λ (r)/ρ 2 eh for F 0 = 0.3 is shown as a shaded area. Even without carriercarrier correlations,ḡ λ (r) shows a range of Pauli blocked carriers at short distances followed by the Friedel oscillations [30] . Interestingly,ḡ λ (r) dips at exactly the same positions where ∆ḡ(r) peaks indicated by vertical lines in figure 10 . Consequently, the carriers try to avoid each other within the rings of the quantum droplets, which is clearly related to the Fermion character of electrons. We observe that the presence of ∆ḡ λ (r) increases the range of Pauli-blocked carriers. To show the range of Pauli blocking, the inset of figure 10(b) plots the same data up to the first Friedel oscillation r = 26.6 nm.
To quantify Pauli blocking, we determine the half-width value where g λ (r 1/2 ) = We find that r 1/2 increases from 8.8 nm for F 0 = 0 to 11.2 nm for F 0 = 0.3, i.e. the correlation hole increases the range of Pauli blocking by roughly 27 % which is significant.
In the next step, we compute the ground-state energy of pair excitations from the generalized Wannier equation (35) with the f k , g k,k ′ , and F k,k ′ entries (51)-(52). The actual energy per excited particle follows from equation (37) and this is compared against the exciton binding deduced as in section 3.2. The results produce a quantum droplet energy that grows from 2.99 meV to 3.08 meV as the carrier-carrier correlations are included. The small increase shows that the correlated arrangement of the carriers saves energy. However, carrier-carrier correlations change the quantum droplet binding only by 3.3 %, for the studied case. In other words, even a large correlation hole ∆g λ (r) cannot affect much the energetics of the quantum droplet, which justifies the assumption of neglecting carrier-carrier correlations for quantum droplets.
Discussion
We have developed a systematic method to compute the pair-excitation energetics of many-body states based on the correlation-function formulation of quasi-particles. In particular, we have generalized the Wannier equation to compute the energy per excited electron-hole pair of a many-body state probed by a weak pair excitation of a quasi-particle. As an unconventional aspect, we determine the many-body state via the pair-correlation function g(r) and work out the lower-order expectation values self-consistently, based on g(r), not the other way around. As a major benefit, g(r) characterizes the many-body state and its energetics, which allows us to identify the properties of different quasi-particles directly.
We have applied the scheme to study especially the energetics and properties of quantum droplets as a new quasi-particle. Our computations show that the pairexcitation energetics of quantum droplets has discrete bands that appear as sharp transitions. Additionally, each ring contains roughly one electron-hole pair and only quantum droplets with more than 4 rings, i.e., electron-hole pairs are stable. We also show that the energy structure of quantum droplets originates dominantly from electronhole correlations because the carrier-carrier correlations increase the exciton energy only slightly.
The developed method can be used more generally to determine the characteristic quasi-particle energies based on the correlation function. As further examples, we successfully analyze the energetics of the degenerate Fermi gas and high-density excitons. We also have extended the method to analyze coherent quasi-particles. As possible new directions, one can study different pair-excitation schemes to analyze the role of, e.g., spin. In this connection, one expects to detect bonding and antibonding branches for quasi-particles such as biexcitons. In general, the approach is limited only by the user's knowledge of the pair-correlation function. It also might be interesting to develop the approach to the direction where quasi-particles are identified via N-particle correlations to systematically analyze how the details of highly correlated states affect the excitation energetics and the response in general. Acknowledgments M. K. acknowledges support from the Deutsche Forschungsgemeinschaft.
Appendix A. Connection of correlations and expectation values
We first analyze a normally ordered (N + 1)-particle expectation value
that contains the total number operatorN tot ≡ k,λ a † λ,k a λ,k . SinceN tot contains all electronic states, it produceŝ
for all statesρ N containing N carriers within all bands of the system. Since we may consider only cases where the total number of carriers is conserved, we may limit the analysis to the statesρ N from here on. By applying the commutator relation N tot , a λ,
Using the property (A.2), we find
By combining the result (A.4) with (A.1) and (A.3), we obtain a general reduction formula [31] 
that directly connects N and (N + 1)-particle expectation values.
We then express the two-particle contribution exactly in terms of the HartreeFock factorization [1] and the two-particle correlations (19) and assume homogeneous conditions where all coherences vanish. By using a two-band model, equation (A.6) yields then
for electrons (λ = c) and holes (λ = v), respectively. With the help of equation (21), equation (A.7) casts into the form
that connects the density distributions with the pair-wise correlations.
Appendix B. Probe-induced quantities
To compute the probe-induced electron-hole density and polarization, we use the following general properties of the displacement operator (7) [1, 15]
Transformation (B.1) allows us to construct the density-and polarization-induced pair excitations exactly. More specifically, we start from the expectation value
where we have utilized cyclic permutations under the trace and the unitary of the displacement operator (7).
To compute the pair-excitation energy, we have to compute how all those singleparticle expectation values and two-particle correlations that appear in equation (18) are modified by the pair excitation. By inserting transformation (B.1) into equation (B.2), we can express any modified single-particle expectation value in terms of ε, ψ k , and f k . The change in density and polarization becomes then
respectively. Since the many-body stateρ MB is probed by a weak laser pulse, we apply the weak-excitation limit ε ≪ 1, producing ] ,
respectively. We also have identified the effective Coulomb matrix element . We then minimize the energy functional (C.1) as described in section 2 to find a condition for the ground-state excitations. As a result, we obtain
We see that the presence of coherences generates the coherent source term s coh to the generalized Wannier equation which is the dominant contribution in equation (C.5). However, since s coh corresponds exactly to the homogeneous part of the semiconductor Bloch equations [15] , it vanishes for stationary P k . Therefore, the ground state of excitation must satisfy the generalized Wannier equation
In the main part, we analyze the pair excitations of incoherent many-body systems such that E coh [ψ] is not present.
Appendix D. Self-consistent exciton solver
To find the wavefunction φ 1s,k and the electron-hole distribution f k that satisfy the ordinary density-dependent Wannier equation (40) and the conservation law (27), we define a gap equation as in reference [32] ∆
As a result, we obtain the integral equations
which simultaneously satisfy the ordinary density-dependent Wannier equation (40) and the conservation law (27) . Equations (D.1)-(D.2) are solved numerically by using the iteration steps
One typically needs 40 iteration steps to reach convergence.
Appendix E. Number of correlated electron-hole pairs within droplet
To compute the number of correlated pairs within the droplet close to the transition, we start from the quantum droplet pair-correlation function defined by (41). Since the decay constant κ is negligible small after each transition, see section 4.2, we set κ = 0 in equation (41) The correlated electron-hole density is then given by [15] ∆n ≡ d 2 r ∆g(r) = 2πg
where we have introduced polar coordinates and used the properties of the Bessel functions [33] in the last step.
To determine the parameter g 0 as function of the ring number n and the droplet radius R, we compute the Fourier transformation of g 0 φ(r), producing This formula predicts that quantum droplets contain ∆N = 3.4, ∆N = 4.6, and ∆N = 5.9 correlated electron-hole pairs for n = 3, n = 4, and n = 5 rings, respectively. For ring numbers larger than n = 10, ∆N approaches 1.2 n.
